A Diagram Calculus for a few Type-A
Lusztig—Vogan Categories

Victor L. Zhang

Supervised by
Dr Anna Romanov
A/Prof Pinhas Grossman

UNSW Sydney

UNSW Postgraduate
Math Conference, 2025

1/14



Outline

1. Why diagrammatics?
2. Diagrammatic Lusztig—Vogan categories for SU(n, 1)

3. Links to representation theory
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Why diagrammatics?
1. Permutations
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Why diagrammatics?
1. Permutations

e.g.
1 2
553 <3 4

1 2 3 4 5

3 45
5 21

sign ((135)(24)) = (-1)" = —1
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Why diagrammatics?

2. 2-categories

e.g. monoidal categories
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Why diagrammatics?

2. 2-categories: monoidal categories (rigid, pivotal)
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Why diagrammatics?
2. 2-categories: monoidal categories (rigid, pivotal)
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Why diagrammatics?

2. 2-categories: monoidal categories (rigid, pivotal)
e.g. the Temperley—Lieb—Jones category

O

Links to Rep(Uy(sl2)) and produces a knot invariant.
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Why diagrammatics?
3. Soergel bimodules (a specific monoidal category)

® Algebraic proof of a generalisation of the Kazhdan—Lusztig
conjecture [EW16]

¢ Counterexample to Lusztig's conjecture [Wil16]
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Diagrammatic Lusztig—Vogan category for SU(2,1)
First off...
Diagrammatic Soergel bimodules D for

53:<5,t\s2:t2:1,sts:tst>

® (C-linear monoidal category

e Objects: 1,0,0,00, 00, 00, 00 000, 000, ...
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Diagrammatic Lusztig—Vogan category for SU(2,1)
First off...
Diagrammatic Soergel bimodules D for

53:<s,t\s2:t2:1,sts:tst>

C-linear monoidal category

Objects: 1,0,0,00 00 00 o0 o0e ooo ...

Morphisms: generated by

A ALK

and their vertical reflections.
Relations: |sotopy,
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Diagrammatic Lusztig—Vogan category for SU(2,1)
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Diagrammatic Lusztig—Vogan category for SU(2,1)
* Right module category DA/(SU(2,1)) ~ DH(S3)
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Diagrammatic Lusztig—Vogan category for SU(2,1)
* Right module category DA/(SU(2,1)) ~ DH(S3)
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® Morphisms: generated by

Pl ES o AR AL

and their vertical reflections.

11/14



Diagrammatic Lusztig—Vogan category for SU(2,1)

® Right module category DN (SU(2,1)) .~ DH(S3)
® Objects: generated by 1,0, co A1 e 0 00, ..
® Morphisms: generated by
57 é57 ) ;‘:. f\ 517 7l7X7"'
It IR ~ANA
and their vertical reflections.
°

Relations: Limited isotopy,
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Diagrammatic Lusztig—Vogan category for SU(2,1)

e.g. I— \‘ is an idempotent

RO RECI R
EANE EANE A
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Diagrammatic Lusztig—Vogan category for SU(2,1)

e.g. I— \‘ is an idempotent

RO RECI R
EANE FEA N B

This tells us of the splitting

ooe = oo(—1) @ oo(1).
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Diagrammatic Lusztig—Vogan category for SU(2,1)

How do we generalise this to SU(n,1)?
e.g. DN(SU(3,1)) with W =S, = (s, t,u|..), Wk = (s, t | ...)
® Objects: generated by 1,0, 00, 000

hF4 b

® New Relation: with 3-colors

® New Morphisms:
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Where is the representation theory?
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Where is the representation theory?

Monoidal structure of [EW16] Decomposition information for
Diagrammatic Soergel w»wwwwy  reps of complex semisimple
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Where is the representation theory?

Monoidal structure of [EW16] Decomposition information for
Diagrammatic Soergel w»wwwwy  reps of complex semisimple
bimodules DH Lie algebras

Module structure of [Lv83] Decomposition information for
Lusztig—Vogan categories mw»ww» admissible reps of real reductive
N Lie groups

Module structure of

Diagrammatic Lusztig—-Vogan
categories DN

the end.
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